MPQO 663 - Convective and Mesoscale Met.
Homework 2 Selutions
Assigned Feb 21, 2006 - returned Mar 23, 2006

The point of this problem set is to fully understand the Rossby
radius of deformation, and its dependence on vertical structure.
We use the simplest possible framework for a heating-induced
balanced vortex: a hydrostatic Boussinesq stratified atmosphere,
with perturbations linearized about a state of rest. Thus, p =
constant (except that there is a buoyancy b), so that the pressure
gradient force is written as ¢, = p’ x /p. (I used xt instead of ¢ in
class, following Houze’s notation.)

Before digging into the questions, understand our equation set:

Ug=fv - oy u momentum equation

Ve =-fu-¢y v momentum equation

0=b- ¢, w momentum equation (hydrostatic)
Ux + Vy + W, =0 continuity equation

be = -N*w + q thermodynamic equation w/ heating

(q = g/6 do/dt)

First, separate vertical and horizontal structure. For this step, it is
simplest to go to 2 dimensions (no y variations) and to set aside the
Coriolis term, which can be trivially added back in later. This
simplifies the equation set to 4. Understand them:

Ut = = x u momentum equation

0=b- ¢, w momentum equation (hydrostatic)
Uy + W, =0 continuity equation

be = -N*w + g thermodynamic equation w/ heating q

1. Assume solutions of the form u = U(x,t) cos(mz), ¢ = ®(x,t)
cos(mz), w = W(x,t) sin(mz), b = B(x,t) sin(mz), q = Q(X,t) sin(mz).
Confirm (write from the confidence of your own knowledge) that
these satisfy the boundary condition w=0 at z=0 for all vertical
wavenumbers m.

yes, sin(Om) = 0 for all m



Plug these forms into the 4 equations above, then substitute the
hydrostatic equation into the thermo equation and the result into
the continuity equation to show:

Ui = -y u momentum equation
@, = -N*/m? (Uy+ 84) height equation w/ source

where the heating is expressed as diabatic divergence & 4 =
9/0z(q/N?*) = -mQ/N2.

Rewrite these to make clear that they are the equations for forced
waves with free-surface height amplitude h = ®/g, in a shallow
(compared to wavelength) layer of water (or any other inviscid
fluid), with equivalent depth H = N*/(gm?).

Confirm that the v equation, Coriolis terms, and u and v momentum
source terms could have been carried along in the same way to give
the forced shallow water set for a given value of m:

U =fV -®&,+F u momentum equation
Vi=-fU-®,+G vV momentum equation
@, = -N>/m* (U, + V,+ 84)  how divergence changes ¢

2. Now solve for the structure of an inviscid (F=G=0) balanced line
vortex (shear line) created by a past heating along x = 0 on an f-
plane, with f = 10 s™. Suppose that the heating which created the



vortex was a line of heating along x=0, and only excited a single
vertical wavenumber m. Confirm that this balanced flow should
have no y or t derivatives (i.e., the flow is steady state) with 64=0
at the current time. Write the steady state version of the 3-
equation set from 1. What, in words, remains of the equation
set’s physical meaning? Does it give us the structure of the vortex?
Does it contain the information that we specifically seek the vortex
created by a past heating along x = 0?

3. To proceed, we need a different tactic. Derive the potential
vorticity conservation equation for the 2D shallow water set (with
F=G=Q=0), by constructing a vorticity equation from U and V and
substituting divergence from the height equation.

4. To define our balanced vortex structure, express
mathematically the statement that PV is constant and equal to its
pre-heating value everywhere except along the line x=0 where the
heating occurred.

Solve this equation for ®(x) and V(x).

Write the horizontal length scale for the vortex’s exponential decay
structure: this length is called the Rossby deformation radius.



What is its dependence on m?

Extra credit: solve in radial coordinates for a circular vortex.

5. Now construct and visualize (by computer) the balanced line
vortex created by 2-vertical-mode heating at the origin. That is,
take q = Q(x=0, in distant past) [sin(m4z) - S sin(m;z)], where m =
n/14km and m; = 2x/14km. [S may be viewed as a “stratiform
fraction” when positive, or “shallow convection fraction” when
negative.] Because the equation set is linear, you simply evaluate
the formulas for v for the two values of m separately, and then
construct the S-weighted sum of these two arrays. Also, because
the equations are linear, the absolute magnitude of the total
solution is arbitrary. Take N = 2t/600s (a typical tropospheric
stratification).

a. Plot the heating profiles in the domain z € [0,14km] for
S =-0.5, 0, 0.5. Verify that the total heat added (vertical
integral) is the same in all cases.

b. Calculate the Rossby radii for the two vertical modes.

c. Construct numerical arrays containing vortex structures for
each vertical mode in an x domain at least 6 of the larger
Rossby radius in width, using your answer to part 4. Contour
the tangential wind fields in the x-z plane for S = -0.5, 0, 0.5.

d. Plot the domain-integrated KE versus S for values of S in [-
0.5,0.5]. Is the curve nonlinear? Discuss.




e. Surface flux is approximately proportional to surface wind
speed. Plot the domain-averaged surface wind speed versus S
for values of S in [-0.5,0.5]. Is the curve nonlinear? Discuss
the implications for tropical cyclogenesis, in terms of
convective heating profiles and their dependence on low-level
rain evaporation and downdrafts.




